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W a s schließlich noch die nächste Näherung der 
Schwingungsgleichungen für dünne Platten be-
trifft, so hat man nur die nächste Näherung der 
Bedingungsgleichungen (8) und (9) fü r die bei-
den Hauptäste zu ermitteln und dann die in der 
Dispersionsformel stehenden Größen w bzw. x 
durch die Operatoren id/dt bzw. — i d / d x zu er-

xVi2 i£ — 2ch2 

+ . . . ) ( 2 1 ) 

an Stelle von (13) mit (12) folgt, und da ebenso 
aus (9) 

x*A» 2 7 c* 
CO- = 

x* h1 

3 ~ PI 

20 cj 
1 5 + . . . ) ( 2 2 ) 

an Stelle von (14) wirksam wird, erhält man in 
dieser nächsten Näherung fü r die Dehnungs-
schwingungen eine Differentialgleichung, die in 
den räumlichen Ableitungen von vierter Ordnung 
ist, und f ü r die Biegungsschwingungen eine Glei-
chung mit den sechsten räumlichen Ableitungen. 
Dabei bleiben die Zeitableitungen nach wie vor 
von zweiter Ordnung. 

The earth's constants from combined electric and magnetic 
measurements partly in the vicinity of the emitter 
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I n t h i s a r t i c l e a w a y is i nd ica t ed f o r the d e t e r m i n a t i o n of t h e s o i l s c o n s t a n t s , b a s e d u p o n 
m e a s u r e m e n t s of bot l i t h e e l e c t r i c a n d t h e m a g n e t i c f i e ld ( r e m o t e f r o m b u t a l s o i n t h e 
v i c i n i t y of t h e e m i t t e r ) . T h e m e t h o d i s b a s e d e s p e e i a l l y u p o n t h e d i f f e r e n t b e h a v i o u r of 
t h e e l e c t r i c and m a g n e t i c f i e ld a s a f u n c t i o n of t h e d i s t a n c e in t h e v i c i n i t y of t h e e m i t t e r . 
O w i n g t o t h i s d i f f e r e n c e a n d i t s m a t h e m a t i c a l f o r m i t w i l l b e p o s s i b l e t o d e r i v e t h e 
r e q u i r e d c o n s t a n t s of t h e e a r t h b y m e a n s of one simple system of curves, which may be 
used again in every other case, as the curves do not depend upon the distances of the points 
of Observation from the emitter. T h i s g r e a t l y s i m p l i f i e s t h e S o l u t i o n of t h e p r o b l e m . 

§ 1. T h e f i e l d on t h e e a r t h a t a d i s t a n c e 
f r o m t h e e m i t t e r of t h e o r d e r of a f e w 

w a v e l e n g t h s 

TMie dielectric constant e and the conductance o 
of the earth have sometimes been derived from 

measurements of the fieldstrength at great distances 
from the emitter. In that case mostly long waves 
were considered where the conduction currents in 
the earth prevailed over tlie displacement currents. 

We shall now investigate the possibility of 
arriving at the same result from measurements of 
the fieldstrength. partly made in the vicinity of, 

1 I n g r a t e f u l r e m e m b r a n c e of a y e a r s p e n t in 
M u n i c h a s a R o e k e f e l l e r - f e l l o w . 

partly at greater distances from the emitter, and 
even without assuming the conduction current to 
be great with respect to the displacement current. 

With "vicinity of the emitter" we here mean 
distances r, measured along the surface of the 
earth and of the order of two to four wavelengths: 

2 X < r < 4 X . 

We assume that even at these short distances the 
emitter may be considered as a vertical mathe-
matical dipole, situated close to the ground. 

This will not be the case for the real emitter, 
to be built in a special place for transmitting o r 
broadeasting purposes. 

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



Therefore we imagine a preliminary emitter of 
length < X and emitting the same wavelength as the 
one to be built later, ereeted in the same place. It 
will be shown how the dielectric constant and the 
conductance of the earth may be derived from six 
measurements of the electromagnetic field of the 
preliminary emitter. 

The knowledge of these constants enables us to 
guarantee a definite fieldstrength at the same point 
of Observation when later the definite emitter has 
been built and when e.g. a total energy of 1 kW 
has been put into it. 

The radiation from the mathematical dipole. 
mentioned above which has e.g. a moment = 1/a, 
can be measured in several ways. for instance by 
means of its vertical electric field 

E = \E\e~jm 
X 1 2 

or by means of its horizontal magnetic field 

Hq,= \H<p\e~im 

' ( j = V - 1 , w = 2«v = circular-frequency). 
For points above and on the surface of a per-

fectly conducting earth it would seem (on account 
of the reflection against the surface of the earth) 

as if a dipole of moment 1 was emitting in free 
space, the dipole of moment 1/2 being assumed 
close to the earth. * 

At points on the ground at distances r > X from 
the emitter, iEJ and are then both propor-
tional to 1/r, so that the products r | EJ and 
r \Hy\ are constant. In case of a finitely conduc-
ting earth those products become functions of r . 
In order to obtain products which are dimension-
less and functions of r/X we assume that \EJ and 
| i f q , | are expressed in such units that, multiplied 
with r/X, they give products which are constant 
and equal to unity as soon as we take o = oo. 

We need not investigate these units fu r ther ' 
since we shall never have to use these products 
themselves but always quotients of two of them. 

The above defined products let us call: 

\EJrß = Pe(rlX), 

i H ^ r / X ^ P J r ß ) . 

The radiation from the mathematical dipole on 
the earth. received in different points of the sur-
face, can be described by means of a Hertzian 
vectorfunction n for which S o m m e r f e l d in 
1926 derived the formula: 

Vo 

n (r) = —*— +j Vn o e~ 9 - 2 V o & J e^ dvj (1) 

with fc1 = 2w/X and in which e is Sommerfelds 
numerical distance which is generally complex: 

For the derivation 
obliged to assume: 

of (1) Sommerfeld was 

Q = Qo e 

jt r 
o« = 

Jb 

sa X 
sin b 

tan b = 2 , , 
2coX 

0 

(2) 

(3) 

(4) 

172i I e 2 c o 2 + j ( i ) 0 2 \k 2 = \ o I > 

1 c2- I 

(o0 = 4 7UC2O) 

CO 
r.2 ' 

(5) 

e2 = dielectric constant of the earth, 
o = conductance (in CGS-units). 
c = 3-101 0 = velocity of light. 

V a n d e r P o l and N i e s s e n derived for the same 
problem by quite different means (operational 
methods) a rigorous Solution independent of the 
assumption | /c2

2 > k 1
2 : 

>r, 
7 2 7 2 r 7 h r 7 jk^r (* irs 1 „ h k\ \k>e e , 

in which 
h 2

 = 
k] kl 

ky + k-2 

For I k„2 | / k j 2 > 1 they were able to derive Sommerfelds formula (1) from their formula (6). 



On aceount of 

K . F . N I E S S E N 

with 

$ s i n b 2 o 0 

£2 = /.'i T ' 

we see that Sommerfelds formula may be used 
only in the case when 

K r > 2 Q0 . 

In the case of a short wavelength or insufficiant 
conductance sin b will approach unity and the 
restriction (5) will no longer be satisfied. Then 
correction terms with k*l\k*\ or 2 Q 0 / ( k 1 r ) are 
to be added to the Sommerfeld formula. 

If the uncorrected Sommerfeld formula is 
written in the form: 

d i = 9 L + t e r m s w i t h h k1 r 

3 = + t e r m s w i t h 
ki r 

The explicit form of these last terms will not 
concern us in the following. 

For the evaluation of P e and P we must first 
calculate the forces: 

E = — 

H. 

f n 
dr2 

1 dll 
r ?r ' 

CO dr 

( 9 ) 

(10) 

, J r 

II = ( 7 ) Where Sommerfelds formula holds we can Sub-
stitute (7) for n and in evaluating the forces we 

i s « x ^ _ _ _ _ o „ . . . 
correc-ted formula will be of the form: 
9is and being real functions of q0 and b. the m a y neglec-t l/k1r and (1 /k1r)2 against 1 if r > X 

(i-e. fe,r> 1). Wre then find PQ and P m propor-
tional to + . 

For Qfl < 1 we obfain from Sommerfelds expan-
sion of ITin pow-ers of r the wellknown formulae: 

„J k i r 

-W+JS) 

^ g = 1—2 Q0 cos b -f ( 2 o 0 ) 2 

1 3 
cos 2 b ( 2 o 0 r 

1 - 3 - 5 
cos 3 6 + . 

- - ^ j t o 0 ( s i n j — o0 s i n + ^ sin . . . ) , 

3 S = — 2 o0 sin 6 + sin 2b 
1 • ö 

+ VTI Q 0 ( C O S | - — Q0 COS + L ^ - C O S - ~ b — . . . ) . 

(11) 

(12) 

Likewise for e0 > 1 formulae for SRs and 3 S (expressed in e0 and b) can easily be derived from 
Sommerfelds expansion of n in powers of 1 / r : 

2 o„ 
cos b 

1 3 o i . cos 2 b — — ^ cos 3 b— . . . , 
( 2 o 0 r ( 2 o 0 ) = 

2 1 3 1 3 5 
3 s = sin b + sin 2 b + sin 3 b + . . . . 2 o„ ( 2 QoY Vq0Y 

The general formulae for 9i s and would be: 

— 2 o 0 f e — 1) Po cos b cos { ( t - - 1) o0 sin b + b ! dt + Vit o0 <T cos * sin { o0 sin b - b/2 J 

i 

^ s = - 2 t > o / " " "°C0S * sin j (t2 - 1 ) o0 sin b + b \ dt + Vn o0 e~ cos * cos {o0 sin b - b/2 \ . 



ln the method for determinating the earth 's constants, which we shall explain in § 2. we shall 
mostly need the formulae (11) and (12) for 9ig and f o r e0

 < 1 • 

Fo r o = o c we have b = 0 , o0 = 0 , 9i s = 1 , = 0 , 

so that. using the normalisation mentioned above, we must write: 
7 . 2 ! 

P = P = + , when > 1 and r > X . e m s 1 

In the region 2X < r < 4X neglect of (l//c1 r ) 2 against 1 will be permitted2, but not that of l/kxr against 1. 
These terms with l/k1 r have a different influence in the calculation of Ez according to (9) than in 

the calculation of H ^ according to (10). 
Taking into aecount that instead of 91 s and other functions 9i and ^ of the form (8) have to 

be used as soon as |/c2
2 \/k* ~ 1 or 2 X < r < 4 X , we find inclusive of the terms with 1 /k1r: 

• v K ^ t - a . * * ) - ' ( 1 4 ) 

Iii the correction terms with 1/k^ r we simply replaced the values 9t and 8 by 9tg and since terms 
with (l/k1r)2 had already been neglected formerlv. 

Introducing 

we may write: 

* +10 " Itr/X' V H ° ^ ° ^o' nrß 

The function a 1ms been derived in a previous paper 3 but it will not be of much interest to us 
now, as will be seen. 

The function ß is in general: , -,o > 
Ä - Ö o / s R ^ ( 1 6 ) 
P ~ S \ S Z>Q0 ^ PQ0 I 

and especially for Q0 < 1 [using (11) and (12)] we find: 

n = oo — n 

ß = Z f - t f n ( I _ ^ ) S («. » » - 3s cos - « (17) 

M = 0° (n 4- 1/2) VJt oM + 1/2 

+ S ( - 1 ) " u ( n ) S
 C 0 S (W + 1 / 2 ) b + ^ s 8 i n + 1 / 2 ) • 

w = 0 

Introducing the functions % and ß we have: § •>. H o w to c o m b i n e t h e m e a s u r e m e n t s 
, , o nx 0 n o w so a s e a s i l y to o b t a i n t h e c o n s t a n t s 

+ ,18) „f t h e e a r t h ? 
' X ' 3t T j A 

We suppose that we liave measured \LZ \ as 
p2 ir\ _ (a + ß)S ^ well a,s'\Hy | and that at three distances r1,r2, r 3 

m \ A ! n r / X ' from the emitter. 
W e i n t r o d u c e d i m e n s i o n l e s s n u m b e r s r x * . r 2 * , 

- I n c a s e of a n i n f i n i t e l y c o n d u c t i n g e a r t h t h i s g i v e s ^ m e a n s o f : 
a n e r r o r of l e s s t h a n 1 / 2 % w h e n r > 2 l . ' + / • ' i o a \ 

3 K . F . N i e s s e n , A n n . P h y s i k 29, 569 [1937]. r. = r. A (? = 1 , ^ , ö) . 



The Instrument used for measur ing | E | indi-
c a t e s i n r1 . r r 3 the numbers 

V e 1Y l ' 
TVe 1 2 ' i Y e . 

and the ins t rument used for measur ing 
indicates the numbers : 

iHcpl 

N? N? N* 

\E, | is propor t ional to Ne and to Nm, but the 
fac tors of propor-tionality a re different in both 
cases. different ins t ruments being used. 

T h u s we obtain: 

K and L being again different factors of propor-
tionality. 

These fac tors may be eliminated by building the 
fol lowing quotient: 

( r ; ) 

Subst i tut ing fo r P* (r,.*) and Pm
2(r*) their 

values (18) and (19) we find, neglecting terms 
with ( l /r f *)2 agains t 1: 

^ f r O - ^ c J ) 

' N 7 

J f f - . • N > J 

PIC-D • Pt(rl) 
1 — 

n r* St 
+ ßz 

* o 
Ji r 3 s 3 

in which ß. and 8( a re the values of ß and S for 
r = rr 

W e draw especial attention to the fact, that the 
functions o^ and a3 have disappeared entirely. 

In the same w a y we may combine the measure-
ments made at r 2 and r 3 or those made at r and r„ . 

Now we choose the points of Observation so, that: 

r j l = r\ 

rJX = r* 

rJX = r* > 1 , 

i .e. we take r and r„ in the region 2 X < r < 4 X 
and r 3 at a remote distance f rom it. W e shall only 
make those combinations where measurements 
made at r?> a re inclttded, which can only be done in 
two different ways , viz. combining those at rx 

and r. 3 ' 
1 Pi = \ N " N 9 * Y _ q 

JI R; L A ^ ATe J 

and those at r„ and r„ 

1 — 
L i v - v d JI R* S2 

m V"e 
3 

23 

In the left band members the term with ß3 /rcr3*S., 
cottld be omitted owing to r 3 > 1 . The right hand 
members a re dimensionless quanti t ies Qx„ and Q 2 ] 

produced by the experiments and which will not 
differ very much f rom uni ty . The difference of Qv, 
and from unity, viz. 

1 — ^ 3 and l — 0 2 3 , 

are the quantities which will enable us to calcu-
late the constants of the soil in an easy manner. 
W e have 

71 S„ 

F 1 and V2 being k n o w n numerica l values. 
Let u s suppose that we calculate the quotient 

ß/nS as a funct ion of e0 and with b as a para-
meter, u s ing (16) and (11) and (12) or the cor-
responding fo rmulae for g0 > 1. W e may then 
d raw a curve, whose ordinale is ß / w S and whose 
abscissa is g 0 , t ak ing a definite value for b as 
Parameter. Repeat ing this for other values of b 
we obtain a system of curves. 

Only one of these curves will belong to that 
value of the parameter b which is typical for the 
soil. above which the measurements at r1, r2 and 
r 3 were made. 

The known values F und V2 must help u s to 
pick out the right curve f rom the wrhole system 
and thus to find the quant i ty b which is one of the 
keys for finding e and o. 

If we knew the r ight curve and saw where its 
ordinate reached the values and V2 we should 
find that this occurs at the r ight values p01 and 

of the abscissa fo r which we have, according 
to (3). 

i?01 • 002 ' r 2 • 

If we had taken another curve and had seen where 
its ordinate reached the values und V2 the 
quotient of the corresponding abscissae would not 
have been the same as that of the distances rt,r2. 
where the measurements in the region 2 X < r < 4 X 
were made. 

In principle it is thus possible to pick out the 
right curve by means of the values , V2 and the 



known ratio rjr2, but this procedure still takes 
too much time. 

It would be much easier, if we had not every 
time to check the ratio of the corresponding 
abscissae but, let us say, their difference. F o r that 
reason we sliall not draw curves for ß/rcS as a 
function of Q with b as a parameter but as a 
function of log Q with b again as a parameter. 

In this new system of curves we have to find 
out that curve, the ordinates of which reach the 
values Vx and V2 for two values of the abscissae 
(lg Q01 and lg e0 2), the difference of which is 

being a known numerical value. This procedure, 
in which we have to check a difference instead of 
a ratio, is very easy. 

The best thing to do is to d raw on a separate 
sheet of paper, which must be t ransparent , a 
horizontal line of known length equal to lg (rjr<,) 
and to erect at the ends of that line perpendicular 
to it two ordinates of length V1 and V This 
transparent sheet of paper is to be laid upon the 
new system of curves so that the horizontal axes 
fall together and then by shift ing the t ransparent 
paper to the right or left it must be brought into 
a position where its two points with ordinates 
V i a n d V

2
 b o t h f a l 1 o n t l l e s a m e curve of the new-

system. The value of b, belonging to that curve, is 
the right value to be used in (4) in order to have 
a relation between the required values of e and a. 

Not only has the value of b now been found, 
but at the same time we find the value of lg Q , 
which is indicated in the new system of curves 
by the place where the foot of the Ordinate of 
length \ \ came to rest. 

From the value of b and e 0 1 , found above, and 
the known value of rt* = r j \ we at once find by 
means of (3) the required dielectric constant e., 
of the earth: » . 7 jt r sin b 

From e2 and b and the known wavelength X we 
find by means of (4) the second required constant, 
the conductance 

€ 2 

2 cX t anb ' 

§ 3. C o m p a r i s . o n of t h e n e w m e t h o d 
w i t h o t h e r s 

In this new method we used electric as well as 
magnetic measurements which were partly made 

in the vicinity of the emitter, and all we needed 
was one system of curves which could be drawn 
by choosing several values for a parameter b, 
independent of the distance between observer and 
emitter. If we should wish to use measurements 
at other distances from the emitter we should 
only have to take another t ransparent sheet of 
paper. The whole new system of curves (let us-
call it the logarithmic system) can then again be 
used quite unmodified. That this greatly simplifies 
the Solution will be clear as soon as we t ry to 
find the constants of the earth from electric or 
magnetic measurements only. 

Suppose we never made measurements in the 
vicinity of the emitter, so that 

rx > X, r2 > X , rs> X. 

In this case there is no difference between the 
results of the electric and the magnetic measure-
ments. In the electric case we can thus combine 
to obtain: 

r ^ l ] 2
 = S? TNrtY S2 

S2 and = 

The lefthand members are dimensionless values, 
given by the experiment. The righthand members 
are functions of b, Q01, Qob and of b, Q02, Qoh 

respectively as is seen from (15), (11) and (12) 
or the corresponding formulae for e0 > 1. 

Although we do not know e 0 1 , Q02 and e0:i 

fsince their formulae contain, according to (3), 
the unknown constants of the earth] we do know 
their ratios: 

^03 r 3 ' e 0 3 ' 

for we know at what distances from the emitter 
the measurements were made. 

So we may consider Sx
2/S3

2 as a function of b 
and 9 0 1 , and S2

2/Ss
2 as another function of the 

same variables. We must draw a system of curves 
representing S^/S^ 2 and another system of curves 
for S2

2/S3
2 

as functions of {>01 with b as a para-
meter. So we already need two systems instead 
of one as in the method of § 2. This complication 
is of course not so serious that it cannot be 
overcome! But a serious drawback is the fact, 
that for the construction of those systems the 
ratios r1/r3 and r 2 / r 3 respectively are to be used 
implicitly, so that these systems are useless as 
soon as, in another case, other distances from the 



emitter have to be chosen. the rat ios of which 
may have other values. 

If we need not pay attention to this drawback. 
for instance if we only have to determine e and o 
once, these two systems would have to be drawn 
on the same sheet of paper with coincidence of 
axes for abscissa and ordinate. A thin bar of 

knowTn lengtli 

known length 

and a second one of 

may then be laid upon 

each other parallel to the axis of ordinales in 
the systems and with their common foot on 
the axis of the abscissae. This double bar 
must then be shifted parallel to itself to the 
left or right into a position where the upper 
end of the first bar fal ls on a curve of the system 
for S ^ / S ^ 2 and the upper end of the s e c o n d bar 
on a curve of the system for S2

2/Sz
2 which curves 

have to bear the same value of b, otherwise the 
r ight position will not yet have been reached. The 
value of b, found by this procedure, can be used 
for the calculation of e and o. The great incon-
venience of this method is, as has been said, the 
necessity of drawing tw^o new systems of curves 
as soon as measurements are made at other 
distances from the emitter with other ratios r j r ^ 
and r 2 / r 3 . 

Th i s drawback still remains when one of the 
measurements is made in the region 2 X < r < 4 X 
and only electric or only magnetic fieldstrengths 
are measured. 

In the case 
r„ - A r0> A, r > / . ' 3 

for instance, we knowT the numerical values of 

H L * r i I 
and 1 

being funct ions of b, e 0 1 , Q03 and of b, Q02, e o 3 

respectively so that again the special ratios r j r z 

and r „ / r 3 are to be included in the construction 
of the curves. 

In order that only one system of curves be 
required it is necessary to make both electric and 
magnetic measurements. 

Then a factor as for instance S^ /S^ 2 appearing 
in a quotient of electric measurements can be 
eliminated by dividing it by a quotient of magnetic 

measurements in which the factor S ^ / S ^ 2 also 
appears . But if both > X and r 3 > X, this would 
lead to the identity 1 = 1. T h u s we were obliged 
to take one of the points of Observation (not both) 
in the region 2X < r < 4X, viz. 

r 3 > A . 

Then we get an extra factor 

al + 2ßl 
1 + 

Jt r ; 

in the quotient of electric measurements and an 
extra factor , A 

1 + h l A 
JI R\ 

in the quotient of magnetic measurements and then 
by dividing the second quotient by the first the 
result will be: „ 

1 —— x » i i i 
% r x b l 

containing only one index (here 1) so that for its 
representat ion by means of curves no quotients 
such as r 1 / r 3 have to be taken into account. 

If both r , and r„ were taken in the neighbourhood 

. ßt 
of the emitter the result would contain 

^3 

as well as 
JI R J S 8 

n r \ S 1 

and the curves would again 

be influenced by the value of r j r 9 . However the 

value of 1 — 
3t r* SL 

alone cannot give u s the two 

unknowTn quanti t ies e2 and o 2 . 
Therefore everything would have to be repeated 

with measurements at r 2 ~ X and r 3 > X. 
By this manner of reasoning we came to the 

method explained in § 2 of this paper. Owing to 
the fact that the same system of curves can a lways 
be used, this method lends itself very well to a 
determination of the soils constants fo r propaga-
tion in different directions from the emitter. In 
case of a homogeneous ear th the measurements in 
each direction would give the same result for e2 

and o, but in reality the resul ts will differ to some 
extent, giving us an insight into the properties of 
the ground a round the emitter, which will be very 
usefu l for calculating the fieldstrength to be 
expected in several points of Observation, when 
a f t e rwards the final an tenna wäll have been built 
on the same place where the prel iminary one had 
been erected. 


